In the numerical integration of a function ƒ (x) it is very desirable to choose the set of values {xi} at which the function/(x) is to be observed, for it is generally possible to obtain the same accuracy with fewer points when these points are especially selected. Gauss 1 gave such a proof for the case of the finite range ( -1, +1) and established that the "best" accuracy with n ordinates is obtained when the corresponding abscissae are the n roots of the Legendre polynomials, Pn(x)=0. For this case there obtains
where the numbers {x itn } are the zeros of P«(#) and where the numbers {\{,n} are the Christoffel or Cotes numbers. Formula (1) is exact whenever f(x) is a polynomial of degree (2n -l) or less. Values of the zeros {x itn } and the corresponding Christoffel numbers {X*,n} for the Legendre polynomials for w = l to n = 16 have been tabulated by the Mathematical Tables Project.  2 The range of integration can be chosen to be any finite range (p, q) with suitable modification 2 of the zeros {xi, n } and the constants {\*\ w }.
It is understood that while selection of the abscissae {xi, n } is very desirable for theoretical reasons, it may not always be practicable to measure the ordinates oif(x) at these values.
For the infinite range ( -<*>, + <x> ) a similar situation holds for the Hermite polynomials. These may be defined by the relation For n even, the last term is
(»/2)I and for n odd, the last term is
These polynomials obey the recursion relations
[Some writers, including many statisticians, prefer to use
as the defining relation for Hermite polynomials. The relation between these two sets of polynomials is given by
The approximate numerical integration formula for functions f(x) on the infinite range ( -oo, -f oo) with the weight function exp (-x 2 ) is
where the set {#*, n } is the set of roots defined by
and where the set {X;, w } is given by
is a polynomial of degree (2n -1) or less, integration formula (7) is exact. The zeros {X», n } for the polynomials h n (x) for w = l to n = 27 have been tabulated by Smith 6 to six decimal places. The corresponding zeros {xi, n \ for the Hermite polynomial H n (x) are given by (10) *,," = -X,-, B .
Newton's tangent rule was used to improve Smith's values, and the zeros {Xi, n } for n = lton = 5 are tabulated herewith to twelve decimal places and for w = 6 to w = 10 to nine decimal places. The set of Christoffel numbers {X,-, n } were calculated from relation (9). The results were subject to the following tests:
where (11) and (12) are obtained from the algebraic expressions for the products of the roots and the sum of the squares of the roots and where (13) and (14) are obtained from (7) by taking f(x) = l and f(x) =x 2 respectively. For the most part, calculations were carried to two more places than were retained.
Because of symmetry, it is convenient to tabulate the zeros of Hz(x) as #_i, xo, Xi rather than as Xi, x 2 , #3, and the zeros of Ht{x) as X-2, X-u #1» #2 rather than aS X\y X2) XZf X^y with similar notation for other values of n. Since there is but slight danger of confusion, the second subscript n on the zeros and Christoffel numbers has been omitted. Because of the relations #_,-= -Xi and X_i=X; only values with non-negative subscripts have been tabulated. If the function f(x) is expansible in a Taylor's series about the origin, estimates of the error in using (7) may be made as follows: The error (not counting rounding off error) arises from terms in the Taylor's series with powers of x greater than (2n -l) when n ordinates are used. In the example above, the largest error term is that due to the x 16 term in the expansion of cos x. Since I dx = < 2 X 10-10 J.* 16! 2 16 -8! and since the neglected terms in the cosine expansion when integrated out as above form an alternating series of decreasing absolute values, the error can be estimated as being less than 2X10~1 0 . This heuristic estimate is not the actual error in the use of integration correspondence (7), but is a sort of an order of magnitude error.
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